Abstract. In this paper, we extend some results of D. Dolzan on finite rings to profinite rings, a complete classification of profinite commutative rings with a monothetic group of units is given. We also prove the metrizability of commutative profinite rings with monothetic group of units and without nonzero Boolean ideals. Using a property of Mersenne numbers, we construct a family of power 2 ℵ0 commutative non-isomorphic profinite semiprimitive rings with monothetic group of units.
Introduction
The class of profinite rings can be viewed as a natural generalization of the class of finite rings. Some results about finite rings can be generalized in a natural form to compact ones. The well-known Kaplansky's theorem (see [8] ) on the structure of compact semiprimitive rings can be considered a natural extension of WedderburnArtin theorem about the structure of semiprimitive artinian rings to compact rings. Moreover, the proofs of some results which are easy for finite rings need highly non-trivial arguments of algebraic and topological nature in the compact case. For instance, in [13] it has been proved that every compact nil ring has a finite nilindex.
As well as finite rings, compact rings usually have many idempotents. Recently, in [4] , Dolzan has proved that some multiplicative properties of idempotents of finite rings imply that these rings are products of local rings. In Section 3, we extend these results to the class of compact rings, countably compact rings and linearly compact rings.
By [6] , [7] and [11], a classification of finite rings with identity whose group of units is cyclic has been given. In Section 4, we do the following:
(i) classify compact rings with 1 that have a monothetic group of units; (ii) show that compact rings with a monothetic group of units without nonzero closed Boolean ideals are metrizable; (iii) using properties of Mersenne numbers, we construct a set of cardinality of continuum of compact commutative rings with 1 having a monothetic group of units; and (iv) derive some results about commutative linearly compact rings with 1 whose groups of units are topologically finitely generated.
Notation and conventions
All topological rings are assumed to be associative, Hausdorff and with 1. By the radical of a ring R we mean its Jacobson radical, denoted by J(R), or briefly by J. By R(·) we denote the multiplicative semigroup of R. A ring R is called semiprimitive if J(R) = 0, and is called radical if R coincides with its radical (i.e. J(R) = R). Sometimes we use the term a profinite ring instead of a totally disconnected compact ring. By a profinite ring we mean an inverse limit of finite rings. Following [3] we say that a compact group is said to be monothetic if it contains a dense cyclic subgroup. To [13] we refer for the notions of monocompact and primary rings: a topological ring R is said to be monocompact if every element of R is contained in a compact subring. By a primary profinite ring we mean a ring R for which R/J(R) is a finite simple ring. Under the last condition, R is a matrix ring over a profinite local ring. We define (see [9] ) a left linearly compact ring to be a topological ring having a fundamental system of neighborhoods of zero consisting of left ideals in which the intersection of every filter basis consisting of closed cosets with respect to left ideals is non-empty. For two idempotents of a ring R, we write e e ′ if ee ′ = e ′ e = e. A non-zero idempotent e is said to be minimal in R if there is no non-zero idempotent e 1 = e such that e 1 e. From [10] we recall that a ring R with 1 is said to be clean provided that every element in R is the sum of an idempotent and a unit.
The closure of a subset A of a topological space X will be denoted by cl(A). We refer to [1] for the notion and properties of summable sets in topological Abelian groups.
An ideal I of a ring R is called cofinite if the subgroup I is of finite index. The fact that I is a left ideal or a 2-sided ideal of a ring R is denoted by I l R or I R, respectively. We recall that a topological ring R, T is totally bounded provided its completion c(R), c(T ) is compact (see [13] ).
